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Abstract. The effects of quantum interferences and interaction strength on the entropic uncertainty relations, and
on mutual information correlation sums, are examined in two-level superposition states of two coupled oscillators.
The presence of quantum interferences results in a movement of the entropy sums toward the uncertainty relation
bound, for both attractive and repulsive interaction potentials. On the other hand, these interferences suppress the
statistical correlations in the presence of an attractive potential, while the correlations increase for a repulsive one.
In general, stronger interactions between particles move the entropy sums away from bound, with the result that
the systems possess larger statistical correlations. However, there are superposition and attractive interaction
regimes, where the entropy sum of an interacting system can actually lie closer to the bound, in comparison to the
corresponding non-interacting one. In these cases, the statistical correlations between particles is lesser for the
interacting systems, as compared to the non-interacting ones. These effects are not observed when repulsive
potentials are present. Here, the non-interacting systems lower-bound both the entropy sums and correlation
measures. These results offer insights into the nature of superposition or quantum interference effects in interacting
quantum systems, and the behavior in terms of the entropic uncertainty relations, statistical correlations and
interaction strength.

Keywords: Entropic uncertainty relations; mutual information; information theory; momentum space; coupled
oscillators.

Resumen. Se examinan los efectos que las interferencias cuanticas y la magnitud de la interaccion tienen sobre
las relaciones de incertidumbre entrdpicas, asi como sobre las sumas correlaciones me didas a través de la
informacion mutua, en estados de superposicion de dos niveles de dos osciladores acoplados. La presencia de
interferencias cuéanticas da como resultado un movimiento de las sumas entrépicas hacia la cota de la relacién de
incertidumbre, tanto para potenciales de interaccion atractivos como repulsivos. Por otra parte, en presencia de un
potencial atractivo, estas interferencias suprimen las correlaciones estadisticas, mientras que las correlaciones
aumentan en presencia de uno repulsivo. En general, con interacciones mas fuertes entre particulas, las sumas de
entropicas se alejan de la cota, dando como resultado mayores correlaciones estadisticas en los sistemas. Sin
embargo, existen regimenes de superposicion e interaccion atractiva, en los cuales la suma entrdpica de un sistema
interactuante puede estar mas cerca de la cota, en comparacion con el sistema no interactuante correspondiente.
En estos casos, las correlaciones estadisticas entre particulas son menores para los sistemas interactliantes que para
los no interactuantes. Estos efectos no se observan en los potenciales repulsivos. En este caso, los sistemas no
interactuantes establecen limites inferiores tanto para las sumas entrépicas como para las medidas de correlacién.
Estos resultados dan informacién sobre la naturaleza de los efectos de superposicion o interferencia cuéntica en
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sistemas cudanticos interactuantes, y su comportamiento en términos de relaciones de incertidumbre entrdpica,
correlaciones estadisticas y fuerza de interaccion.

Palabras clave: Relaciones de incertidumbre entropica; information mutua; teoria de la informacion; espacio
de momento; osciladores acoplados.

Introduction

The Heisenberg uncertainty principle is a principal element of quantum mechanics. Much discussion
has centered around its analysis and interpretation, and of the limits it provides about the behaviour of quantum
systems. In recent decades, there has been a migration away from the textbook Kennard-Robertson formulation
in terms of standard deviations [1], to ones in terms of Shannon information entropies, or indeed of other
entropies. Developments in femtosecond spectroscopy allow one to examine chemistry at the uncertainty limit
[2]. To celebrate the fiftieth anniversary of UAMI, we will first present a brief review of what has been
accomplished with information theory in previous years, before moving on to discuss the particular problem.

The Shannon entropic uncertainty relation [3-6] is given as

Stvpyy T Sevpy, > In(me)VP (1)

where D is the dimension of the system and N is the number of particles. The focus of this work will be to
consider D =1 and one and two particle systems, for which we will employ the notation of S; and Sr, to indicate
the respective entropy sums in the equation above. The Shannon entropies in position (x) and in momentum (p)
space are defined in terms of the one-particle wave functions or densities as

Sy =51, = —J I¥(@)|?In|¥(x)|? dx,

X

)

Sp =51, = —[ |@@)I*In|®(p)|* dp.

p

The integration limits depend on the particular coordinate system that is used to represent the system.
The wave function, W(x), in the position representation, is connected to ®(p), the one in the momentum
representation, by the Dirac-Fourier transform. All densities used in this work are normalized to unity and the
integration limits are (-co, +00).

One-particle Shannon entropies can also be obtained from a N-particle wave function or density, by
first integrating over the N—1 particles to obtain one-particle reduced densities,

p(x) = [ | W(x, x5 -, xy)]| 2dx, ... dxy,
(3)
() = [ | ®(, P2+, 0n)|?dps .. dpy,

Shannon entropies for these reduced densities are obtained by replacing [¥(x)|? and |®(p)|? by the
reduced densities, p(x) and z(p), in Eq. (2). The Shannon entropies in each representation are measures of the
(de)localization in the underlying distributions. Their values increase as the distributions delocalize and
decrease when they localize. In fact, the Shannon entropy of a continuous distribution can be negative-valued,
in contrast to a discrete one which is lower-bounded by zero. It should not be surprising that these measures
have attracted attention in quantum chemistry, where questions of electron localization and delocalization are
prevalent concepts. These are global measures of (de)localization in the system, in contrast to local ones which
aim to locate regions within the system where electrons are localized. In a more general context, localization is

657

Special issue: Celebrating 50 years of Chemistry at the Universidad Autdnoma Metropolitana. Part 1



Article J. Mex. Chem. Soc. 2024, 68(4)
Special Issue

©2024, Sociedad Quimica de México

ISSN-e 2594-0317

associated with phenomena resulting from wave interference, within the quantum mechanical framework. There
has been keen interest in understanding the behaviour of the Shannon entropy sum in a variety of different
quantum systems [6-24]. In quantum chemistry, one of the first works involved a study of the behaviour in
neutral and charged atoms, as well as in the harmonic oscillator, in ground and excited states [7]. The idea put
forth at this time was that the entropy sum serves as a measure of wave function quality and could be thus
employed in quantum chemistry. The Shannon entropy, in the context of atomic systems, is a functional of the
one-electron density, so it should also not be surprising that this work originated from a renowned density
functional laboratory. Later, it was proposed that the entropy sum could be used as a correlation measure in
atomic systems [10]. These ideas propelled interest into the study of molecular systems [25,26]. It was also
noted that the position space Shannon entropy emerges naturally from the logarithmic mean excitation energy
within the local plasma approximation, used in stopping power measurements and experiments [27].

The entropy sum is also of interest in quantum chemistry, since it combines perspectives from both the
position and momentum space representations. While the position or coordinate space representation is
prevalent in quantum chemistry, there has also been efforts to develop a momentum space quantum chemistry
[28]. Other avenues of interest include study of the time dependent behaviour of S;, which has been analysed in
simple systems [29,30]. There has also been interest in the application of these measures to study Bose-Einstein
condensates [21,22]. The relation of the entropy sum with the entropies of the marginals of the Wigner phase-
space distribution has also been documented [31]. Shannon entropies of phase-space quantum distributions have
been considered [31,32].

Recently, there has been considerable activity in the examination of the entropy sum in confined
guantum systems, to examine the influence of physical barriers, potentials, and static and dynamic external
fields [33—-44]. To date, these studies have been limited to few-particle systems, however one can expect that
larger systems will be addressed in the near future. Several groups in both the chemistry and physics
departments of UAM-Iztapalapa are actively engaged in using Shannon measures to furthering the
understanding of behaviour in confined quantum systems.

One can also consider the Shannon entropies of the pair densities in position and in momentum space,
for two or more particle systems. To date, these entropies have not seen a widespread interest, as compared to
the one-particle ones. Pair densities represent the probabilities of finding one particle with a particular position
(momentum), and the other particle with another position (momentum). Thus, questions of particle interaction,
and indeed chemical bonding in molecular systems, should be naturally encoded into these quantities. There is
active research into the development of a pair density functional theory [45-47].

The Shannon pair entropy components and their sum [in Eq. (2)] have been examined in atomic
systems [48-50] and in two- and three-particle coupled oscillators [51,52]. These entropies can be defined in
terms of two-particle wave functions as (Sr = S,,, Sy = Szp)

Sr = _f |Lp(x1fxz)|2 In |LP(X1:X2)|2 dx;dx,,

(4)

Su = —[ |1®(py, p2)|1? In |®(py, p2)|? dp,dp,.

The St results from summation of Sr and Sp. One can also calculate Shannon pair entropies from
reduced densities of N-particle systems which have been reduced by integrating over N—2 particles,

T(xqy, %) = [ Wy, x5, -+, xn)|2dxs - dxy,
(5)
M(py,p2) = J 1@ (1, P2 -, Pa)|*dp3 -+ dpy.

For the two-particle systems in this work, there is no reduction to get the pair density since it is the
squared norm of the two-particle wave function. It is hoped that the coming years will bear witness to an
increasing interest in pair density information measures, especially in molecular systems.
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The electron correlation problem is one that is particularly relevant in quantum chemistry, and results
from the fact that there is no exact solution to the Schrédinger equation when electrons interact through
repulsive Coulomb potentials. Indeed, quantum chemistry can be conceived as a field devoted to the
development of methods to obtain approximate solutions of varying accuracies. Hence, there was a need for a
measure to adequately capture the inclusion or exclusion of interaction effects in the wave function. The
correlation energy was introduced [53] as the difference between the exact non-relativistic energy and the
Hartree-Fock energy of the particular system. This quantity was thus used as a measure of evaluating the
approximate wave function. It is important to emphasize here that this evaluation is not directly based on the
wave function but rather on its corresponding energy. Furthermore, the Fermi correlation due to the
antisymmetry of the wave function, is not included, since it is presumably subtracted out in the Hartree-Fock
reference.

On the other hand, other avenues of defining correlation through statistical correlation measures have
a long history [54-56]. This seems a natural evolution due to the Born interpretation of the wave function as a
probability density. Hence, correlation is measured here not from the energy perspective, but rather from the
wave function characteristics, in terms of the associated probability distribution. The statistical correlation
coefficient from statistics was introduced as one such measure [55,56]. It captures linear relations between
variables by examining differences between (linear) expectation values of the pair densities and those of the
one-particle densities. One advantage is that these measures do not depend on the selection of a particular
external reference such as Hartree-Fock. However, they include all correlation effects, including those from the
interactions and also the symmetry of the wave function.

Pair mutual information is another statistical correlation measure, which is capable of capturing the
non-linear correlations. It has been utilized in many distinct areas, both in its discrete and continuous forms [52,
57-65]. It is defined in position and in momentum space as

— F(xllxz) _ _
b= TGy x) ln[p(xl)p(xz) drydx =25, ~5r 20 ©)
(py,
I, = J (p, p2) In %l dpidp, = 25; —Sp =20 (7)

In this work, the marginals of the pair densities in the denominator of the logarithmic arguments are
the one-particle reduced densities defined in Eq. (3) with N = 2. Note that the two marginals are equal, due to
particle indistinguishability of the quantum mechanical density. In the general case, these are not necessarily
equal. These measures have been examined in the ground and excited states of atomic systems and coupled
oscillators [51, 52, 66]. The sum of the position and momentum space mutual information will be given as

Ie=Ik+ [p=25— Sr>0. (8)

I quantifies the correlation, by taking the weighted difference between the one- and two-variable
entropy sums. Statistical correlation measures provide a means to directly examine, interpret and relate
behaviour, with that of the interactions that are present in a particular system. This is distinct from the previous
vision of defining a correlation measure for the purpose of classifying the goodness of an approximate wave
function. Quantum chemistry calculations yield approximate wave functions and densities. Thus, there is always
the question if interpretation of phenomena from a particular calculation is valid, or a product of the limitations
of the particular method that is used. In these instances, model systems which yield exact wave functions and
densities, can offer a guide to illuminate the path forward. One such system consists of two oscillators that are
coupled by a harmonic two-body potential [67] and has been used in density functional theory [68—74].
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The model: Two-particle coupled oscillators

The Hamiltonian of two coupled oscillators in canonical coordinates in position space, considering
atomic units(m=7%=1) is

1[92 92 L) 2 2 2
H—_E(a_x%+@)+5w (x1 +x3) £ A°(x1 — x2)%, ©)

where w is the natural frequency of the oscillators and 4 is the intensity of the interaction potential, with the
positive sign for the attractive case and the negative sign for the repulsive case. The value of 1 is bounded for
the repulsive case by A < w/v/2 in order to obtain a bound state.

The canonical coordinates in position space (x1, X2) can be transformed into Jacobi coordinates (R, r),
thus the eigenfunction is separable in the new coordinates, and can be written as a product of two eigenfunctions

W(xy, x2) = Y (R, (1) (10)
with
1
1 2
a; Lyar? i (12)
Un.(R) = T | ez Hyp |afR), mng=0,1,..
2"R nglm2
1
1 2
at 1 1
P, (1) = —21 e 2V’ H,, <a;" r), n,=0,1,.. (12)
2" n, w2

Here a1 = w? az = w? * 242, Hy(X) is an n"— order Hermite polynomial and ng and n, are the quantum numbers
labelling the center of mass (R) and relative (r) coordinates. The symmetry of the wave function is controlled
by the value of the n, quantum number. Symmetric wave functions have even-valued ny, while in antisymmetric
ones they are odd-valued. For example, the |nzn, ) =]00) state is symmetric while the |01) one is
antisymmetric.

The wave function in momentum space, can be obtained by applying the Fourier transform to the wave
function in position space to get

®(py,p2) = (an(P)(pnr(p)a (13)

with

N[ =

Gug(P) = (—)" | —————| e 2@ Hy,

2R nR! a
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|=

pn, () = (=) | ———— | e 2Ve H, , n.=01,. @9

a

N B[

The pair densities in each representation are obtained as the squared norm of the respective wave
function, while the reduced densities or marginals are obtained by integration over one of the original variables.

In the non-interacting limit (1 = 0), the wave function can be expressed as symmetric or antisymmetric
products of orbitals, where each orbital is the harmonic oscillator solution for a particular quantum number.
Taking the non-interacting state with quantum numbers (0,1) in position space as one example yields,

Wo,1 = Yo (x)P1(xz) — Y1 (x)Po(x2), (16)

where the orbitals here are given as

1

- wxz
Pn(x) = \/% (%)4 ez Hy(Vwx), —o<x<o, n=01,.. 17)

The momentum space wave function can be defined in an analogous manner with orbitals

Pn(p) = \(/;—)nn, (%)Z e_% H, (\/%) —w<p<ow n=01.. @8

The motivation behind this work is an examination of the Shannon entropies and mutual information
sums in two-level superposition states. As one particular example, wave functions for a two-level system
comprised of ground (|00)) and excited (]01)) states of two interacting oscillators can be written as

Wooo1 = €1100) + ¢,|01), (19)

here |c1|? + |c2)? = 1. The corresponding density matrix in this basis can be written as

* *

I Cl Cl Cl CZ 20

p = * * ' ( )
C;C1 C;Cy

where the information about quantum interferences is contained in the off-diagonal terms. The c¢; and c;
coefficients can be imaginary numbers but for simplicity we will restrict ourselves here to only consider real
numbers. Hence, we fix the phase between the two coefficients at either zero or 180 degrees.

The superposition of states is a particular feature of quantum mechanics. We wish to examine how the
entropic sums change in these states, with regard to the individual states comprising the superposition, and in
relation to the uncertainty bound. Stronger uncertainty relation statements are related with values lying closer
to the bound [75]. The bound exists due to the incompatibility of the position and momentum representations
in quantum mechanics and is the best one can hope for. The entropy sum provides a quantitative measure of
this incompatibility, and one can probe this for its dependence on the system parameters. From this perspective,
it is a measure of the correlation between the position and momentum variables. If the one and two-variable
(particle) entropy sums are measures of the position-momentum correlations, then the differences between
them, the mutual information sum, should contain information about the influence of particle interaction on
these correlations. Such arguments, based on consideration of Wigner functions, have been detailed [32,76].

One can ask how do these superposition states behave with regard to the entropic uncertainty relations,
and how does this depend on the values of the coefficients? Furthermore, one can expect statistical correlations
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solely due to the superposition and quantum interferences that exist between the individual states. How are
these additional correlations influenced by the interactions (attractive or repulsive) between the two particles?
Hopefully, the ideas and results presented here will serve as a base to understand the effects of superposition
which occur in other contexts, such as the behaviour of systems under the effects of external fields, or
expansions in terms of multi-determinantal wave functions. In such cases, the physical description and
information about these processes are mapped onto the coefficients.

Results and discussion

Harmonic oscillator

We begin the discussion by considering a two-level system of the harmonic oscillator comprised of
the ground and first excited state. We wish to illustrate concepts here with one oscillator, that will aid in
understanding the subsequent behaviour presented for two coupled oscillators. The wave function in position
space is

Yo1(x) = (%) + o, (%), (21)

and the integrals defining the information measures were evaluated numerically.

S{ St, SX! Sp
29r 2.7
2 . . . ) 012
0 0.25 0.5 0.75 1. -05*+

Fig. 1. Left: Plots of the entropic sum S; of the Wo1 superposition states with (red curve) and without (blue curve)
quantum interferences varying c2. The value of o is set at unity and the horizontal dashed line is the 1 + In
bound. Right: Plots of the entropic sum S; (black curve) and its position (red curve) and momentum (blue curve)
components vs. o for the Wo; superposition state with ¢; = ¢, = 1/V2.

The Shannon entropy sum as a function of c? is presented in Fig. 1. When cZ = 0, the system is in the
first excited state, while when ¢ = 1, it is in the ground state. One observes that the entropy sum decreases
monotonically with c2, until it saturates the uncertainty bound which is given by the dashed horizontal line.
This concurs with the result that the uncertainty bound is saturated with the harmonic oscillator in its ground
state [7,77]. Moreover, the entropy sum decreases from the first excited state to the ground state. This is in
agreement with the result that the entropy sum increases with quantum number [7].

One can also examine the effects of the quantum interferences by eliminating them from the expression
for the densities. This is achieved by suppressing the resulting c,c, cross terms in the expressions for the
densities. Fig. 1 illustrates that elimination of the quantum interferences moves the system further away from
the uncertainty bound. On the other hand, the behaviour of the entropy sum, with and without quantum
interferences, is distinct. The observed non-monotonic behaviour when no interferences are present, illustrate
that there must be systems with different coefficients whose entropy sums are equal in value.

Studies of the ground and excited states of the harmonic oscillator have shown that their entropy sums
are constant-valued as a function of w, due to scaling of the wave function. This also holds for hydrogenic
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atoms when the nuclear charge is increased [7]. The right-hand side of Fig. 1 presents the behaviour of the
entropy sum and its components for a superposition state, when e is varied. The position space Shannon entropy
decreases (localization), while the momentum space entropy increases (delocalization). The entropy sum here
is also constant valued and lies above the uncertainty bound.

o(x) p(x) p(x)
1.6 16 1.6
yAN —~__, x
-3 0 3 -3 0 3 -3 0 3
7i(p) 7i(p) 7i(p)
0.36 \ 0361 0.36
P P p
-7 0 7 -7 0 7 -7 0 7
Fig. 2. Left column: Position and momentum space densities for the superposition state with ¢; = ¢, = —~ and

vz

w = 1. Middle column: Position and momentum space densities for the superposition state with ¢; = ¢, L

-
and w =1 and no quantum interferences. Right column: Position and momentum space densities for the

superposition state with ¢; = ¢, = \% and w = 5.

The observed behaviours in Fig. 1 can be further analysed by examining the underlying position and
momentum space distributions. These are presented in Fig. 2. The effects on the densities from (addition)
removal of the quantum interferences can be seen by comparing the left and middle columns. These
interferences induce a localization of the position space density toward the positive x regions. That the
localization occurs in the positive X regions depends on the particular choice of coefficients. For example, the
localization occurs in the negative x regions when c, is negative-valued.

On the other hand, there are no observed effects on the momentum space densities, which are equal. It
is important to emphasize that this effect in momentum space, is a result of the different parities of the states
used to construct the superposition, and the properties of the Fourier transform. The even parity ground state
when Fourier transformed is real-valued while the odd parity first excited state is imaginary. Hence, there are
no quantum interferences in momentum space, since these cancel when the density is constructed by multiplying
the wave function by its complex conjugate. Thus, the differences in behaviour between entropy sums with and
without quantum interferences, is due to position space. There is no cancellation if the states are of the same
parity, and we shall return to this point in the last section.

Comparison of the left and right columns of Fig. 2 illustrates that larger w localizes the position space
density, while it delocalizes the density in momentum space. This is consistent with the behaviours of Syand S,
presented in Fig. 1. The localization induced in the position space density from increasing w, must be of an
equal magnitude to the delocalization that the momentum density experiences. This is the reason why S; is
constant valued with w.

Coupled oscillators
We now move on to analyse the behaviour when two oscillators interact either in an attractive or
repulsive manner. Here, we will examine how the Shannon pair entropy sums, reduced entropy sums, and
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mutual information sums behave as ¢? is varied, and also as the intensity of the attractive or repulsive interaction
potential is increased. The two superposition states that we will consider are symmetric (Wyq0,) and
antisymmetric (W¥,,4,) With respect to particle exchange. The last section is devoted to discussion of the Wy,
symmetric state which is of even parity.

Symmetric state

St St It
5.1 3.1r 1.3

,
!,
.

.

. .
., .
IR

4.2 ? 1.9

0 O.‘25 015 0.‘75 1. 0 O.‘25 015 O.‘75 1. 0'0 0.‘25 0.5 0.75 1.
Fig. 3. Left: Plots of the Shannon pair entropic sum, Sy vs c? for the superposition function Woo10, With attractive
potential (A = 5), with (red curve) and without (blue curve) quantum interferences. The horizontal dashed line
is the 2(1 + In z) uncertainty bound. Center: Plots of the reduced entropic sum S; from the superposition function
(4 = 5) with (red curve) and without (blue curve) quantum interferences. The curves in black correspond to the
superposition state with different values of 1 (0-solid,1-dashed, 2-dotted). The horizontal dashed line is the 1 +
In z bound. Right: Plots of the information sum I, vs c? for the superposition function (1 = 5) with (red curve)
and without (blue curve) quantum interferences. Curves in black are as previously defined. The value of w is

set at unity in all curves.

The Shannon pair entropy sums are presented in Fig. 3. These results are similar to the ones in Fig. 1
for S; of the single oscillator. St saturates the uncertainty bound for the ground state system when ¢? = 1, and
increases as c? decreases, as the state moves towards the first excited one. One characteristic of these two-
particle systems is that their St values are independent of the interaction strength (1). Thus the curves which are
presented are representative for all values of A. The interpretation upon comparison of the curves with and
without quantum interferences, is that the interferences move the St values closer to the bound.

This is also consistent with the curves for S; presented in the center plot, with some important
differences. First, the reduced entropy sum, S;, does depend on A. Different curves in black, corresponding to
different A values, are now presented. We ask the reader to consider the solid line for the non-interacting system
with 1 = 0. The curve when 1 = 2 (dotted) is above the non-interacting one, which shows that interactions
increase S;, with movement away from the bound. This occurs for all values of c¢2.

On the other hand, one can observe that there is a region of ¢? values where the curve for relatively
weaker interactions with A = 1 (dashed line), lies below the non-interacting one. This effect is due to the
superposition, since all interacting values are above those of the constituent states at ¢ = 0, and at ¢? = 1.
Furthermore, the presence of minima in the S; curves when interaction is included can be attributed to these
interactions. Note that the non-interacting curve does not present a minimum. As cZ approaches unity, the
interacting systems move away from the bound which results in the minima. Even the curve for 1 = 1, which is
below the non-interacting curve at smaller c2, is now above it as c? approaches unity.

Inspection of the curves for the mutual information sums shows that the curve corresponding to no
guantum interferences, lies above the one with the interferences present. In general, the correlation is larger with
increasing 1. However, similar to S;, there is a region where the 1 = 1 curve dips below the non-interacting one.
Thus, superposition in an interacting system can result in a correlation that is smaller than the corresponding non-
interacting case, when in the presence of an attractive potential. One can also observe that the relative orderings at
c? = 0,1 are as expected. That is, the mutual information sums increase with increasing 4.

These tendencies can be further probed by examining how I; changes with 4 for different values of c2.
The curves presented in Fig. 4 illustrate that I presents minima at the chosen values of c¢Z. Thus, there are
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regions where increasing the intensity of interactions yields a smaller correlation, opposite to the increasing
general tendency, present in the larger A regions. These minima are due to the S; component as shown in the
row below, since St is constant valued with 1.

It

It

It

0.9 0.7 0.7

0.4 A 0.1 ! 0 A
0 5 0 5 0
s St St

2.8 2.6 2.5-

2.55 A 2.3 A 2.15 A
0 5 0 5 0 5

Fig. 4. First row: Plots of the mutual information sum, Iy vs. A from the superposition function Woo10, With
attractive potential. Left: (¢ = 0.2) Middle: (c? = 0.5) Right: (c? = 0.8). Second row: Plots of S; for the
systems in the row above. The value of w is set at unity in all curves.

St It Ix, Ip
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0 0.25 0.5 0.75 1. 1 0 0.2 0.5 0.75 1. 0 0.25 0.5 0.75 1.

Fig. 5. Left: Plots of the reduced entropic sum, S;, from the superposition function Woo10, With repulsive potential
(4 =0.7), with (red curve) and without (blue curve) quantum interferences. The curves in black correspond to the
superposition state with different values of 4 (0-solid, 0.25-dashed, 0.5-dotted). The horizontal dashed line is the
1+In 7 bound. Center: Plots of the information sum I; vs. cZ for the superposition function (4 = 0.7) with (red
curve) and without (blue curve) quantum interferences. Curves in black are as previously defined. Right: Plots of
the Iy (red curve) and I, (blue curve) components with 2 = 0.7 vs. cZ. The value of e is set at unity in all curves.

ta, 2
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We now focus our attention on the results for the repulsive potential in Fig. 5. The corresponding
curves for Sy are not presented here, since they are exactly the same as the ones for the attractive potential in
Fig. 3, as the St values do not depend on the value or nature of the potential. The results in the relative ordering
of the S; curves with and without quantum interferences, is consistent with those from Fig. 3 for the attractive
potential. That is, the quantum interferences move the values closer to the uncertainty bound. However, one
can see that this effect is smaller for the repulsive case as compared to the attractive one. It is also noteworthy
that all different A-valued curves are bounded by the non-interacting one, and these are ordered with the
particular A value. Increased interaction thus induces a movement of S; away from the uncertainty bound, for
all ¢ values. This is distinct from the attractive case, where the A = 1 curve was observed to be lower than the
non-interacting one, in a region of ¢? values.
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Examination of the 2 = 0.7 curves for the mutual information sum show that the correlation is now larger
when the quantum interferences are included. This is different from the attractive case (Fig. 3), where the opposite
is observed. Furthermore, all the different 2-valued curves are lower bounded by the non-interacting curve. The I
curves increase in value away from the non-interacting one as A increases. Again, this is distinct from the attractive
case. The Iy and I, components are also presented. In contrast to Ip, Ix presents a minimum. While I, > I, at smaller
cZ, the two components approach each other in value at larger cZ, and are equal when ¢? = 1.

Antisymmetric state

St

5.7 3.6

4.1 a

. . . . . . . . ('21 05 . . . .
0 0.25 0.5 0.75 1. 0 0.25 0.5 0.75 1. 0 0.25 0.5 0.75 1.

e 2

Fig. 6. Left: Plots of the Shannon pair entropic sum, St vs c? for the superposition function Woy11, with attractive
potential (A = 5), with (red curve) and without (blue curve) quantum interferences. The horizontal dashed line
is the 2(1 + In z) uncertainty bound. Center: Plots of the reduced entropic sum S; from the superposition function
(4 = 5) with (red curve) and without (blue curve) quantum interferences. The curves in black correspond to the
superposition state with different values of 4 (0-solid, 1-dashed, 2-dotted). The horizontal dashed line is the 1
+ In z bound. Right: Plots of the information sum I; vs. c? for the superposition function (X = 5) with (red curve)
and without (blue curve) quantum interferences. Curves in black are as previously defined. The value of w is
set at unity in all curves.

The plots for the antisymmetric state with attractive potential are presented in Fig. 6. The results are
consistent with those presented and discussed for the symmetric state. There are, however, some notable
differences in the curves for St and .. In general, the curves are ordered with respect to their A-values. Moreover,
it seems that the region where the A = 1 curve dips below the non-interacting (2 = Q) one, is smaller for this
antisymmetric state as compared to the symmetric one (Fig. 3). This effect is not as pronounced here as was
seen for the symmetric state, and thus suggests that this could be due to wave function symmetry.

Si
3.6

(A
1

2 i 0.5 i 0.3 &

0 0.25 0.5 0.75 1. 0 0.25 0.5 0.75 1. 0 0.25 0.5 0.75 1.

Fig. 7: Left: Plots of the reduced entropic sum, S, from the superposition function Wo111, with repulsive potential
(4 =0.7), with (red curve) and without (blue curve) quantum interferences. The curves in black correspond to the
superposition state with different values of 4 (0-solid, 0.25-dashed, 0.5-dotted). The horizontal dashed line is the
1+In 7 bound. Center: Plots of the information sum I; vs. ¢2 for the superposition function (4 = 0.7) with (red
curve) and without (blue curve) quantum interferences. Curves in black are as previously defined. Right: Plots of
the Ix (red curve) and I, (blue curve) components with 4 = 0.7 vs. cZ. The value of w is set at unity in all curves.
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Fig. 7 presents the results for the antisymmetric state in the presence of repulsive potentials. The curves
are again consistent with those for the symmetric state. However, now Iy > I,, which is opposite to that observed
in the symmetric state.

Same-parity superposition state

ST Sf Ii

55 34 1.5

4.1 . . . ) C% 1.9 . . . ) C? 0.7 . . . ) C?
0 0.25 0.5 0.75 1. 0 0.25 0.5 0.75 1. 0 0.25 0.5 0.75 1.

Fig. 8. Left: Plots of the Shannon pair entropic sum, St , vs. c? for the superposition function Woozo, With repulsive
potential (A = 0.7), with (red curve) and without (blue curve) quantum interferences. The horizontal dashed line is
the 2(1 + In x) uncertainty bound. Center: Plots of the reduced entropic sum S; from the superposition function (1
= 0.7) with (red curve) and without (blue curve) quantum interferences. The horizontal dashed line isthe 1 + In =
bound. Right: Plots of the information sum I; vs. ¢ for the superposition function (/4 = 0.7) with (red curve) and
without (blue curve) quantum interferences. The value of w is set at unity in all curves.

Results are presented here for a symmetric superposition state W,,,, with components |00) and |20),
in the presence of a repulsive potential. There are now two additional effects that are present here. The first is
that the second component is a more highly excited state. The second is the even-function parity of both
components, which results in quantum interferences being present in momentum space.

Fig. 8 illustrates that these effects provoke differences from the previous results. First, the result that
St and S; are closer to the respective bound when quantum interferences are present, is only valid for particular
(smaller) values of cZ. At larger values, the curves invert, and it is the curve without quantum interferences that
is closest to the bound. This crossover between regimes occurs at ¢; = ¢, = 1/v2 for S,, while it is shifted to
the right in the St crossover.

The behaviour of the mutual information sum is consistent for the other states with repulsive potentials.
That is, the correlation is larger with quantum interferences. There is another difference in the case of attractive
potentials (A = 5), which is not presented here for brevity. The curve with the quantum interferences now lies
above the one without the interferences. This is similar to the result for the repulsive potential, and different
from the previous ones presented for attractive potentials. Analysis of different 4 values is not presented here
since the resulting curves are very close together. These results highlight the importance of additional effects
when higher excited states and parities are taken into consideration.

Conclusions

The effects of superposition on the entropic uncertainty relations and mutual information sums, are
examined in two-level superposition states of two coupled oscillators. The changes in behaviour with the
presence of an attractive or repulsive interaction potential, and the interaction strength, are explored. We find
that the inclusion of quantum interferences generated by the superposition, leads to a movement of the entropy
sums toward the respective uncertainty bound, when compared to the respective states with no quantum
interferences. This is observed in the presence of both attractive and repulsive inter-particle potentials.
However, there are notable differences when examining the correlation sums. The presence of quantum
interferences augments the correlation in the presence of a repulsive potential, while it suppresses the correlation
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when an attractive potential is present. We also observe that superposition in the presence of attractive
potentials, is able to generate states which are lesser correlated than the corresponding non-interacting ones. On
the other hand, this is not observed for the repulsive potential, where all values are lower bounded by the
corresponding non-interacting ones. The regions where the interacting states with attractive potentials are lesser
correlated than the non-interacting ones, are observed to be smaller when the state is antisymmetric. The role
of function parity and excitation in the superposition state, and their effects on the information measures, are
discussed.
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