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Abstract. Quantum Information Theory is a new field with potential 
implications for the conceptual foundations of Quantum Mechanics 
through density matrices. In particular, information entropies in 
Hilbert space representation are highly advantageous in contrast 
with the ones in phase space representation since they can be eas-
ily calculated for large systems. In this work, novel von Neumann 
conditional, mutual, and joint entropies are employed to analyze the 
dissociation process of small molecules, Cl2 and HCl, by using the 
spectral decomposition of the first reduced density matrix in natural 
atomic orbital-based representation which allows us to assure rota-
tional invariance, N- and v-representability in the Atoms-in-Molecules 
(AIM) scheme. Quantum information entropies permit to analyze the 
dissociation process through quantum mechanics concepts such as 
electron correlation and entanglement, showing interesting critical 
points which are not present in the energy profile, such as charge 
depletion and accumulation, along with bond breaking regions.
Key words: Quantum Information Theory, entanglement, diatomic 
molecules, Ab initio calculations

Resumen. La Teoría de Información Cuántica es un nueva área de 
investigación con implicaciones potenciales para el desarrollo con-
ceptual de los fundamentos de la Mecánica Cuántica mediante las 
matrices de densidad. En particular, las entropías de información en 
la representación del espacio de Hilbert ofrecen amplias ventajas en 
comparación con las que se definen en la representación del espacio 
real debido a que pueden ser fácilmente aplicadas en grandes siste-
mas. En este estudio, se emplean nuevas entropías de von Neumann 
de tipo condicional, mutuas y conjuntas para analizar el proceso de 
disociación de moléculas pequeñas, Cl2 y HCl, usando la descom-
posición espectral de la matriz densidad reducida de primer orden 
en una representación natural atómica que permite asegurar su inva-
riancia rotacional, y su N- y v-representabilidad en un esquema AIM. 
Las entropías informacionales cuánticas permiten analizar el proceso 
de disociación mediante conceptos mecánico-cuánticos tales como 
correlación electrónica y entrelazado, mostrando puntos críticos de 
interés que no se encuentran en el perfil energético, tales como remo-
ción y acumulación de carga, así como puntos de formación y ruptura 
de enlace.
Palabras clave: Teoría de información cuántica, entrelazado, molé-
culas diatómicas, cálculos ab initio.

Introduction

The most interesting technological implications of quantum 
mechanics are based on the notion of entanglement, which is 
the essential ingredient for both quantum cryptography, quan-
tum computing, and quantum teleportation [1]. While quantum 
cryptography makes use of photons for transmitting messages, 
most feasible studies of quantum computers rely on quantum 
dots (clusters) or molecules and therefore already enter the 
realm of theoretical chemistry, and though the first experi-
ments regarding quantum teleportation have been performed 
using photons [2-6], teleportation with the massive particles 
chemists deal with is, of course, of much higher interest, up 
to now it remains an open question whether entanglement can 
be realized with molecules or not [7]. Therefore, it is evident 
that the new quantum techniques enter the sphere of interest 
of chemistry, and in consequence theoretical chemistry has to 
concern itself with entanglement as well. Generally speaking, 
if two particles are in an entangled state, then even if the par-
ticles are physically separated by a great distance, they behave 
in some respect as a single entity rather than as two separate 
entities. Entanglement shows up in cases where a former unit 
dissociates into simpler sub-systems. Corresponding processes 
are known quite well in chemistry. The real-space partitioning 
of a molecule into subsystems is still a challenging problem 

in theoretical chemistry [8-20], because during this process 
a certain entanglement of the subsystems emerges, and it is 
very difficult to get rid of it without destroying elementary 
correlations between the subsystems. So, apart from its evi-
dent importance for the foundations of physics, entanglement 
plays a role in chemistry too. Although information entropies 
have been used for a variety of studies in quantum chemistry 
[21-27], applications of entanglement measures in chemi-
cal systems are very scarce. Recently, Jaynes and Shannon 
entropies in a two-electron entangled artificial atom have been 
studied in the context of correlation energy [28] and the von 
Neumann entropy was recently used as an alternative measure 
of the electron correlation to measure the entanglement for He 
atom and H2 molecule [29, 30]. Very recently, marginal and 
non-marginal information measures in Hilbert space have been 
proposed [31], and applied to small chemical systems, show-
ing than entanglement can be realized in molecules [32].

It is of great interest in Chemistry to understand molecular 
systems as combination of atoms and molecular fragments. 
Thus, the concept of AIM has been the focus of great deal of 
attention [8-20]. Chemical processes involve small changes 
between atoms and molecular subsystems and it is crucial to 
understand the interactions (correlation and entanglement) 
involved in such chemical changes. The main goal of the 
present study is to show that marginal entropies of bipartite 
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composite systems in Hilbert space [31] are able to reveal 
all critical points expected in the density profile of the dis-
sociation processes of small chemical systems, most of them 
not present in the energy profile, such as accumulation and 
depletion of charge and bond breaking. This is achieved by use 
of novel measures of conditional, mutual, joint information 
von Neumann entropies computed by means of the spectral 
decomposition of the first reduced density matrix in the natural 
atomic orbital-based representation, assuring rotational invari-
ance, and N and v-representability in the AIM scheme [33]. 
The Laplacian (LAP) and the Molecular Electrostatic Potential 
(MEP) are also calculated in order to reveal the structure of the 
densities.

Preliminaries

In this section we present important concepts of QIT along 
with the natural atomic probabilities employed for the calcula-
tion of the entropies. Besides, definitions of the marginal von 
Neumann entropies used in this work are presented,

Entanglement and von Neumann Entropies

The uncertainty in a collection of possible observables Ai with 
corresponding probability distribution pi(A) is given by its 
Shannon entropy H(A) [34]

	
( ) lni i

i
H A p A p A .	 (1)

This measure is suitable for systems described by classical 
physics, and is useful to measure uncertainty of observables 
but it is not suitable for measuring uncertainty of the gen-
eral state of a quantum system. It is the von Neumann entropy 
which is appropriate to measure uncertainty of quantum sys-
tems since it depends on the density matrix (see below).

Suppose that we have two sets of discrete events Ai and 
Bj with the corresponding probability distributions, pi(A) and 
pj(B). The relative entropy between these two distributions is 
defined as

	
( ) ln i

i
ii
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H A B p A

p B
.	 (2)

This function, also known as Kullback-Liebler entropy 
[35, 36] is a measure of the ‘‘distance’’ between pi(A) and 
pj(B), even though, strictly speaking, it is not a mathematical 
metric since it fails to be symmetric:

	 ( ) ( )H A B H B A .	 (3)

Another important concept derived from relative entropy 
concerns the gathering of information. When one system 
learns something about another, their states become correlated. 
How correlated they are, or how much information they have 

about each other, can be quantified by the mutual information. 
The Shannon mutual information between two random vari-
ables A and B, having a joint probability distribution pij(A,B) 
and marginal probability distributions
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is defined as
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Where H(A,B) is the joint entropy defined as

	
, ( , ) ln ( , )ij ij

ij
H A B p A B p A B ,	 (6)

which measures the uncertainty about the whole system AB.
The mutual information H(A:B) can be written in terms 

of the Shannon relative entropy. In this sense it represents a 
distance between the distribution p(A,B) and the product of the 
marginals p(A) × p(B) As such, it is intuitively clear that this is 
a good measure of correlations, since it shows how far a joint 
distribution is from the product one in which all the correla-
tions have been removed, or alternatively, how distinguishable 
a correlated state is from a completely uncorrelated one. So we 
have

	 : ( ) ( ) ( )H A B H p AB p A p B .	 (7)

Suppose that we wish to know the probability of observ-
ing bj if ai has been observed. This is called a conditional 
probability and is given by
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Hence the conditional entropy is,
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This quantity, being positive, tells us how uncertain we 
are about the value of B once we have learned about the value 
of A. Now the Shannon mutual information can be rewritten as

	 : ( ) ( )H A B H A H A B .	 (10)

And the joint entropy as

	 , ( ) ( )H A B H B H A B .	 (11)
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Hence, the Shannon mutual information, measures the 
quantity of information conveyed about the random vari-
able A(p(B)) through measurements of the random variable 
B(p(A)). Note also that, unlike the Shannon relative entro-
py, the Shannon mutual information is symmetric. Besides, 
according to the properties of the logarithmic functions (Jensen 
inequality) it can be established that entropy is a concave func-
tion, –SpixilnSpixi ≥ –Spixilnxi  meaning that mixing probabil-
ity distributions increases entropy, whereas the relative entropy 
is a convex function,

 
Sxiln(Sxi/Sai) ≤ Sxiln(xi/ai) i.e., mixing 

decreases the distance between states (less distinguishable).
The difference between classical and quantum entropies 

can be seen in the fact that quantum states are described by a 
density matrix r (and not just probability vectors). The den-
sity matrix is a positive semidefinite Hermitian matrix, whose 
trace is unity. An important class of density matrices is the 
idempotent one, i.e., r = r2 . The states these matrices repre-
sent are called pure states. When there is no uncertainty in the 
knowledge of the system its state is then pure. Another impor-
tant concept is that of a composite quantum system, which is 
one that consists of a number of quantum subsystems. When 
those subsystems are entangled it is impossible to ascribe a 
definite state vector to any one of them, unless we deal with 
a bipartite composite system. The most often cited entangled 
system is the Einstein-Podolsky-Rosen state (EPR) [37,38], 
which describes a pair of two photons. The composite system 
is described by 1 2 2 1

1 2
2

( ) ( ) ( ) ( )
( , )  which represents the 

spin directions along the z axis that can either be up or down. 
We can immediately see that neither of the photons possesses 
a definite state vector, then if a measurement is made on one 
photon, let say in the up state, then the other photon will be 
in the down state. This “assignment” cannot be applied to a 
general composite system unless its general state is written in 
a diagonal decomposable form, which not only is mathemati-
cally convenient, but also gives a deeper insight into correla-
tions between the two subsystems. According to quantum 
mechanics the state vector of a composite system, consisting 
of subsystems A and B, is represented by a vector belonging 
to the tensor product of the two Hilbert spaces HA ⊗ HB. The 
general state of this system can be written as a linear superpo-
sition of products of individual states:

	

AB
mn m n

m n
c A B .	 (12)

Where {ξm(A); m = 1 to M} and {Ψn(B); n = 1 to N} are 
the basis of the subsystems A and B, respectively. This state 
can always be decomposed in the Schmidt diagonal form:

	

AB
l l l

l
A B ,	 (13)

where cl(A) and jl(B) are orthonormal bases for A and B, 
respectively. Note that in this form the correlations between 
the two subsystems are completely revealed. If A is found in 
the state cp(A), for example, then the state of B is in the jp(B) 

state. This is clearly a multistate generalization of the EPR-
state mentioned earlier.

In order to understand the correlation between two subsys-
tems in a joint pure state we point out that the reduced density 
matrices of both subsystems, written in the Schmidt decom-
posed state above, are diagonal and have the same positive 
spectrum. In particular, the overall density matrix is given by

	
( ) ( ) ( ) ( )n m n m n m

nm
A A B B ,	 (14)

whereas the reduced ones are
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and in analogous way

	

2
( ) ( )B n n n

n
B B .	 (16)

It is important to note that a N-dimensional subsystem can 
then be entangled with no more than N orthogonal states of 
another one. Schmidt decomposition is, in general, not practi-
cal for more than two entangled subsystems since for say n 
entangled systems is uncertain to know at the same time a gen-
eral state such that by observing the state of one of the subsys-
tems we could instantaneously know the state of the other n-1. 
Clearly, involvement of n-subsystems complicates the analysis 
and produces an even greater mixture and uncertainty. The 
same reasoning applies to mixed states of two or more subsys-
tems (i.e., states whose density operator is not idempotent), for 
which we cannot have the Schmidt decomposition in general.

When two subsystems become entangled, the composite 
state can be expressed as a superposition of the products of 
the corresponding Schmidt basis vectors. From Eq. (13) it fol-
lows that the ith vector of either subsystem has a probability 
of |l|2 associated with it. We are, therefore, uncertain about 
the state of each subsystem, the uncertainty being larger if 
the probabilities are evenly distributed. Since the uncertainty 
in the probability distribution is naturally described by the 
Shannon entropy, this classical measure can also be applied in 
quantum theory. In an entangled system this entropy is related 
to a single observable. The general state of a quantum system, 
is described by its density matrix ρ. Let the observables ai and 
bj, pertaining to the subsystems A and B, respectively, have a 
discrete and non degenerate spectrum, with probabilities p(ai) 
and p(bj). For simplicity let us define them as pi(A) and pj(B) 
In addition, let the joint probability be pij(A,B). Then

	

( ) ln

, ln ,

i i
i

ij ij
ij j

H A p A p A

p A B p A B ,	 (17)

and similarly for H(B).
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An indication of correlation is that the sum of the uncer-
tainties in the individual subsystems is greater than the uncer-
tainty in the total state. Hence, the Shannon mutual informa-
tion is a good indicator of how much the two given observ-
ables are correlated. However, this quantity, as it is inherently 
classical, describes the correlations between single observables 
only. The quantity that is related to the correlations in the 
overall state as a whole is the von Neumann mutual informa-
tion which depends on the density matrix. The von Neumann 
entropy [39], may be considered as the proper quantum analog 
of the Shannon entropy [40] for a system described by a den-
sity matrix ρ, and is defined as

	 lnS Tr .	 (18)

The Shannon entropy is equal to the von Neumann entro-
py only when it describes the uncertainties in the values of the 
observables that commute with the density matrix, i.e., if r is a 
mixed state composed of orthogonal quantum states, otherwise

	 ( )S H A ,	 (19)

where A is any observable of a system described by r. This 
means that there is more uncertainty in a single observable 
than in the whole of the state [41].

Let rA and rB be the reduced density matrices of sub-
systems A and B, respectively, and let r be the matrix of a 
composite system, then the entropies of two subsystems are 
somewhat analogous to its classical counterpart, but instead of 
referring to observables it is related to the two states which are 
bounded by the following Araki-Lieb [42] inequality

	 A B A BS S S S S .	 (20)

Physically, the left-hand side implies that we have more 
information (less uncertainty) in an entangled state than if the 
two states are treated separately, hence by treating the sub-
systems separately the correlations (entanglement) are being 
neglected. Also, equality in the left-hand side holds when both 
systems are independent for rA, i.e., if the composite system is 
in a pure state, then S(r) = 0, and from the right-hand side it 
follows that S(rA) = S(rB) (Schmidt decomposition Eq. (13)).

As in the classical case, two important relations can be 
established [40], namely, the entropies of independent systems 
add up

	 A B A BS S S .	 (21)

Further, concavity reflects the fact that mixing states 
increases uncertainty, i.e.,

	
( )i i i iS S .	 (22)

According to the definition of the Shannon mutual infor-
mation which relates only two observables, a quantum analog 
can be defined which measures the correlation between whole 

subsystems. The von Neumann mutual information between 
two subsystems rA and rB of a joint state rAB is defined a

	 :A B A B ABS S S S .	 (23)

As in the case of the Shannon mutual information this 
quantity can be interpreted as a distance between two quantum 
states, the correlated joint state (rAB) and the uncorrelated one 
rA ⊗ rB, which may be represented through a relative entropy

	
:A B AB A BS S .	 (24)

Hence, the relative quantum entropy is an important quan-
tity to classify and quantify quantum correlations [40, 41]. This 
measure (Eq. 24) possess important properties. It is invariant 
to unitary transformations (the distance between states can not 
be affected under a change in the basis)

	
S S U U U U .

	 (25)

Partial tracing over a part of the system produces a loss 
of information and hence the subsystems are more difficult to 
distinguish

	 S Tr Tr S .	 (26)

Therefore, the relative entropy decreases under any com-
bination of these two operations which means that quantum 
distinguishability never increases.

In order to determine the properties of any good measure 
of entanglement we have to establish that a bipartite state is 
“disentangled” if it is in a separable form

	

A B
AB i i i

i
.	 (27)

These are the most general states that can be created by 
local operations and classical communication, Eqs (25) and 
(26), which contain no quantum correlations as entanglement 
can only be created through global operations [40, 41]. Then 
in order to quantify entanglement is necessary to establish the 
following: (i) For a disentangled state (separable), the measure 
of entanglement should be zero, E(r) = 0, (ii) under any local 
unitary transformations there is only a change of basis, which 
is completely reversible for the given entangled state, and then 
a change of basis should not change the amount of entangle-
ment, i.e.,

	 ( ) ( )A B A BE E U U U U .	 (28)

Finally, local operations, classical communication and 
tracing of an ensemble s which is transformed into subsystems 
si with probabilities pi, can not increase the expected entangle-
ment. i.e.,
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( ) ( )i i

i
E p E .	 (29)

In summary we can conclude that in order to quantify 
quantum correlations between entangled subsystems, a good 
measure of quantum correlation has to be non-increasing under 
local operations (acting separately on A and B), and hence the 
only way the subsystems become entangled and gain informa-
tion about each other is by interacting. We will return to the 
latter below.

Natural Atomic Probabilities 
In Information Theory

We have recently shown [33] that there is an information-theo-
retic justification for performing Löwdin symmetric transfor-
mations [43] on the atomic Hilbert space, to produce ortho-
normal atomic orbitals of maximal occupancy for the given 
wavefunction, which are derived in turn from atomic angular 
symmetry subblocks of the density matrix, localized on a 
particular atom and transforming to the angular symmetry of 
the atoms. This alternative information derivation [33] was 
achieved by minimizing the entropy deficiency between the 
joint density rAB (a reduced first density matrix of a composite 
fermionic system of the subsystems A and B) with respect to 
the atomic independent subsystems rA and rB , such that

	
: ( ( ) 1) 0AB A B ABS Tr ,	 (30)

according to the constraint

	 ( ) 1ABTr .	 (31)

The advantages of these kind of atoms-in-molecules 
(AIM) approaches [44, 45] are that the resulting natural atomic 
orbitals are N- and v-representables [33], positively bounded, 
and rotationally invariant [46, 47]. An analogous informa-
tion-theoretic approach was derived [48] in relation with the 
Hirshfeld stockholder partitioning of the molecular electron 
density in Cartesian space [14]

Hilbert Space Partitioning 
in Molecular Fragments

According to the preliminaries above we have recently pro-
posed new measures of correlation and entanglement through 
marginal (H-type) and non-marginal (R-type) von Neumann 
entropies [31,32]. In this section we will briefly summarize the 
arguments which support the use of H-type entropies as good 
measures of entanglement, before proceeding to analyze their 
capabilities for chemical use. As we have mentioned above, 
any good measure of entanglement should not increase the 

quantum correlations by local transforming the subunits of 
the whole system through classical communication. Besides, 
it was mentioned that entanglement can only be created by 
global operations between subsystems by provoking their 
interaction. Taking this into account, we have proposed [31] 
that a molecule might be considered as a system formed by 
atomic subsystems, which could be studied through atomic 
or molecular fragments by means of natural atomic probabili-
ties [33]. These probabilities are obtained by diagonalizing 
the atomic blocks (one center local transformation) of the 
molecular density matrix which transforms as angular symme-
try representations of the isolated atoms, the resulting ortho-
normal orbitals are thus naturally optimal for the atom in the 
molecular binding environment. Then, the whole set of diago-
nalized atomic orbitals is symmetrically orthogonalized as to 
remove the interatomic overlap, while preserving the atom-
like character of the orbitals as nearly as possible [46]. Thus, 
the natural atomic probabilities are obtained by local unitary 
transformations and partial tracing of the molecular density 
matrix which should decrease the entanglement (Eqs. 26 and 
29) by losing information between subsystems. The result-
ing density matrix is atomic-block diagonal and its spectral 
decomposition reduces to the atomic angular symmetry instead 
of the irreducible representation of the symmetry point group 
of the molecule, hence it can not be reduced to a convex sum 
of independent subsystems, and therefore its entanglement is 
not zero. It has been discussed that marginal density matrices 
with trace-class operators may have their own diagonal repre-
sentations in terms of orthonormal and complete states in their 
respective subspaces which do not have marginal (subsystem) 
probabilities of the composite probability and as a result, the 
conditional entropies may be negative [49, 50]. This in fact 
was used to define a new class of entropies which reveal inter-
esting features of quantum entropies [31, 32]. In this study we 
have restricted ourselves to the study of a class of entropies 
(H-type) which possess marginal probabilities of molecu-
lar fragments through global operations (joint probability) 
which permit to reveal their interaction. Thus, we may define 
atomic density operators through natural atomic probabilities 
in Cartesian space

	
2( ) ( )A

ilm ilm
ilm
p A A .	 (32)

And then we may define molecular fragments in an analo-
gous way

	 1
( )

M
M

A
A .	 (33)

In Hilbert space we may define a measure of quantum cor-
relations between molecular fragments for a bipartite system 
through natural atomic probabilities and their joint probability. 
As we mentioned before, in the study of a bipartite system 
decomposed through a Schmidt orthogonalization, there are no 
more than N states that might be entangled (Eqs. 15 and 16). 
In the natural atomic decomposition scheme we employ there 
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are m states pertaining to molecular fragment A, i.e., {pi(A); i 
= 1 to m} with n states corresponding to molecular fragment 
B: { pj(B); j = 1 to n}, thus, we may define the joint entropy 
through global operations by correlating m × n states as

	
( ) ( )

( , ) i j
ij

p A p B
p A B

m n
.	 (34)

Providing that the following constraints are met:

( , ) ( ) ( ) ( / ) 1ij i j ij
i j i j i

P A B P A P B P A B .	 (35)

And the marginal probabilities are written as

	
( , )

( | )
( , )

ij
ij

ij
i

P A B
P A B

P A B
.	 (36)

We are now in position of using definitions of section 
2.1, related to the von Neumann entropies, taking into account 
that in our natural atomic scheme of probabilities, equality 
in Eq. (19) holds, and instead of referring to observables we 
deal with subsystems (molecular fragments), that is why von 
Neumann entropies are adequate for our study, though we keep 
the H-terminology to emphasize the orthogonal and commut-
ing properties of the subspaces we are dealing with. It is easy 
to show that all relations concerning to H(A), H(B), H(A,B), 
H(A:B) and H(A/B) are fulfilled with the definitions above 
(Eqs 34-36), along with some useful inequalities [31] which 
follow immediately from Eqs. (5)-(9),

	

( ) 0
( | ) 0
( | ) ( )
( , ) ( ) ( )
( : ) 0
( : ) ( : )
( , ) ( , )
( , ) ( : )

H A
H A B
H A B H A
H A B H A H B
H A B
H A B H B A
H A B H B A
H A B H A B

	 (37)

Results and discussion

In the present study we analyze novel von Neumann marginal 
entropies of bipartite composite systems in Hilbert space to 
assess their utility for revealing the expected critical points 
in the density profile of the dissociation processes of small 
chemical systems such as HCl and Cl2. The electronic struc-
ture calculations performed in this study were carried out with 
the Gaussian 03 suite of programs [51] and the natural atomic 
probabilities were obtained by use of the NBO 5.G program 
[52]. Regions of charge accumulation and depletion were ana-
lyzed by means of the isosurface of the Laplacian of the den-
sity (LAP) [53]. The bond breaking along with electrophilic 
and nucleophilic regions were studied through the molecular 
electrostatic potential (MEP) [53].

The Cl2 molecule was calculated at the UB3LYP/6-31G 
level of theory by requesting that the HOMO and LUMO be 
mixed so as to destroy spin and spatial symmetries [51] and 
allow an homolytic kind of bond breaking. In order to achieve 
the dissociation we scan the molecule from 0.4 to 6.4 Å in order 
to cover twice the van der Waals radii of the atoms. Our results 
are depicted in Figures 1 to 13, from where several interesting 
observations can be mentioned. The energy profile is shown in 
Figure 1 from which an equilibrium energy of -920.316472 a.u. 
at the internuclear equilibrium distance of 2.16 Å is obtained.

The correlation energy is depicted in Figure 2, which was 
obtained by measuring the difference between the DFT and the 
UHF values, with a maximum at 1.3 Å.

Fig. 2. Energy Correlation energy (EUB3LYP – EUHF) (a.u.) for the dis-
sociation process of the chlorine molecule.

Fig. 1. Energy profile (a.u.) for the dissociation process of the chlo-
rine molecule.
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In order to analyze the von Neumann entropies we set 
A=B=Cl as the bipartite system and we may note that all 
inequalities given in Eq. (37) are fulfilled (conservation rela-
tions were also checked). Besides, the conditional entropies 
plotted in Figure 3 (H(A/B) or H(B/A) for this molecule) are 
very much alike the entropies of the subsystems (H(A) or 
H(B)), and three critical points are clearly observed. At 0.5 Å 
the entropic quantities in Figure 3 show a minimum which can 
be associated to the accumulation of charge in the internuclear 
region as it can be observed from Figure 4 wherein mapping 
of the Laplacian to the isosurface of the density at the plane of 
the molecule is depicted.

At 1.0 Å, the conditional and subsystem entropies show a 
very pronounced maximum which is associated with the sepa-
ration of the atoms as it may be observed from the Laplacian 
of the density at the internuclear plane where a slight charge 
depletion (in dotted lines) is shown (see Figure 5).

At 2.6 Å, the entropic measures show a minimum 
where the curvature of the entropies change abruptly, this 
occurs at the equilibrium distance which may be corrobo-
rated by means of the map of the MEP calculated at the 
isosurface of the density at the internuclear plane. Figure 
6 shows two separate regions of negative charge (electro-
philic region).

Fig. 4. Isosurface of the Laplacian at an internuclear distance of 0.5 
Å for the chlorine molecule (charge accumulation in solid lines and 
charge depletion in dotted lines).

Fig. 3. von Neumann conditional entropy H(B/A) (open boxes) and 
the entropy for the susbsystem H(B) (solid triangles) for the dissocia-
tion of Cl2.

Fig. 5. Isosurface of the Laplacian at an internuclear distance of 1.0 
Å for the chlorine molecule (charge accumulation in solid lines and 
charge depletion in dotted lines).

Fig. 6. Isosurface of the MEP at an internuclear distance of 2.6 Å for 
the chlorine molecule.
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At 4.0 Å, a plateau region starts for the entropies, which 
may be associated with the final dissociation stage of the 
atoms (See Figure 7 for the MEP).

In Figure 8, the mutual and the joint von Neumann entro-
pies are presented for the dissociation of Cl2 . As in the case 
of the conditional and subsystem entropies, we may notice 
the same critical points we have already discussed, however, 
the behavior of these entropies shows an interesting inverse 
relationship, wherein the mutual entropy, which measures the 
correlation (and entanglement) of the subsystems seem to have 
a maximum at the equilibrium distance and becomes stabilized 
as the atoms become dissociated, which is in contrast with the 
expected classical behavior in which the one expects that the 
entropy increases as the atoms behave as independent and iso-

lated systems. This is a clear feature of long range correlations 
which may be due to entanglement.

The HCl molecule was dissociated by scanning the 
interatomic distance from 0.3 Å through 3.9 Å to cover a 
region up to twice the van der Waals radii of chlorine by ana-
lyzing the interaction between the subsystems A (chloride) 
and B (hydrogen).The calculated energy at the internuclear 
equilibrium distance of 1.32 Å was -460.776280 a.u. at the 
UB3LYP/6-31G level of theory. In Figure 9 we have plotted 
the energy profile for the dissociation process of HCl. We 
may note that the correlation energy profile is very similar to 
the one of the total energy. As in the case of the Cl2 molecule, 
all entropies obey the balance relationships and inequalities 
of Eq. (37).

Fig. 9. Energy profile (a.u.) for the dissociation process of the HCl.

Fig. 7. Isosurface of the MEP at an internuclear distance of 4.0 Å for 
the chlorine molecule.

Fig. 8.  H(A:B) (solid circles) and joint H(A,B) (open circles) von 
Neumann entropies for the dissociation process of the Cl2 molecule.

Fig. 10. Charges for the subsystems A=Cl (NA open triangles) and 
B=H (NB open circles) along the dissociation path for the hydrogen 
chloride molecule. RX stands for the internuclear distance.
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In Figure 10 the subsystem charges are displayed in order 
to show the charge transfer process between subsystems along 
the dissociation path.

The conditional entropies are depicted in Figure 11, show-
ing the non symmetric nature of this molecule, i.e., H(A/B) ≠ 
H(B/A), which follow the behavior of the corresponding entro-
pies of the subsystems, H(A) and H(B), respectively (Figures 
12 and 13) in agreement with Eq. (37), particularly H(A|B) ≤ 
H(A).

The mutual and joint measures are presented in Figure 14, 
which behave as in the case of Cl2 , i.e., they have the opposite 
behavior with the mutual quantity measuring correlations and 
decreasing as the internuclear distance grows up to a point 
wherein it gets stabilized, i.e., the atoms have long range inter-
actions most likely due to entanglement.

Analyses of the maps of the Laplacian and the MEP on 
the isosurface of the density for the HCl molecule are shown 
in Figures 15-20. In Figure 15, the Laplacian shows an impor-
tant region of depletion of charge on the H atom, which is 
slightly embedded into the chloride atom, which seem to cause 
a charge deformation on the chloride atom. The latter is clearly 
shown in all entropic measures at 0.5 Å (Figures 11-14).

 Then, at a 0.7 Å (Figure 16) the Laplacian indicates a 
clear separation between the isosurface of each atom (chlo-
ride-acummulation and hydrogen-depletion), which is revealed 
by all entropic measures as one can see from Figures 11-14.

Next, at a 1.3 Å the Laplacian indicates a complete sepa-
ration of the isosurfaces and most important, the radial symme-
try of the charge which signals the equilibrium geometry along 
the internuclear axis (see Figure 17). This critical point is also 

Fig. 11. von Neumann conditional entropies H(A/B) (solid boxes) 
and H(B/A) (open boxes) for the dissociation path of the hydrogen 
chloride molecule.

Fig. 12. von Neumann conditional entropies H(A/B) (stars) and H(A) 
(open circles) for the dissociation path of the hydrogen chloride mol-
ecule.

Fig. 13. von Neumann conditional entropies H(B/A) (stars) and H(B) 
(open circles) for the dissociation path of the hydrogen chloride mol-
ecule.

Fig. 14. von Neumann mutual H(A:B) (solid boxes) and joint entro-
pies H(A,B) (open boxes) for the dissociation path of the hydrogen 
chloride molecule.
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revealed in all entropic measures as a change in the curvature 
of these quantities (Figures 11-14), except for the H(A=Cl) 
which show a maximum in that point (Fig 13).

At a 1.9 Å the MEP shows the beginning of the disso-
ciation process by a separation of the isosurfaces of the atoms 
(see Figure 18), which is also shown in the entropies as a new 
change in the curvature of these measures at this point (Figs 
11-14).

Finally, at a 2.5 Å, the MEP indicates the rupture of the 
bond as the atoms get separated and their isosurfaces barely 
interact (see Figure 19). This critical point is also revealed by 

Fig. 15. Map of the Laplacian to the isosurface of the density at the 
molecular plane at an internuclear distance of 0.5 Å. (charge accumu-
lation in solid lines and charge depletion in dotted lines).

Fig. 16. Map of the Laplacian to the isosurface of the density at the 
molecular plane at an internuclear distance of 0.7 Å. (charge accumu-
lation in solid lines and charge depletion in dotted lines) 

Fig. 17. Map of the Laplacian to the isosurface of the density at the 
molecular plane at an internuclear distance of 1.3 Å. (charge accumu-
lation in solid lines and charge depletion in dotted lines).

Fig. 18. Map of the MEP to the isosurface of the density at the molec-
ular plane at an internuclear distance of 1.9 Å.

Fig. 19. Map of the MEP to the isosurface of the density at the molec-
ular plane at an internuclear distance of 2.5 Å.
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all entropic measures (see Figs 11-14). It is worth mentioning 
that most of the critical points above discussed are present in 
the charge transfer profile shown in Figure 10.

Conclusion

In the present study we have employed novel von Neumann 
marginal entropies of bipartite composite systems in Hilbert 
space (H-type entropies) to assess their utility for revealing 
all the critical points in the density profile of the dissociation 
processes of small chemical systems such as HCl and Cl2, 
which are not present in the energy profile. Our study revealed 
regions of charge accumulation and depletion that were ana-
lyzed by means of the isosurface of the Laplacian of the den-
sity [54]. The H-type entropies also revealed bond dissociation 
cleavage along with electrophilic and nucleophilic regions 
which were studied through the Molecular Electrostatic 
Potential. It is worth mentioning that we also performed a 
basis set analysis to assess the reliability of our observations 
by using different basis sets such as the 6-311G, 6-311+G*, 
6-311+G**, 6-31G, 6-31+G*, 6-31+G**, and 6-31G* ones, 
and the structure of the H-entropies remain the same as dis-
cussed throughout the study. Furthermore, calculations of the 
counterpoise correction [55] for the HCl molecule were also 
performed to assess the so called basis set superposition error 
(BBSE) [56], again the structure of the H-type entropies do not 
change.

Aside of the potential use of von Neumann entropies as 
Hilbert space descriptors of chemical reactivity and processes, 
their utility as measures of entanglement has been recently 
claimed [31].

Acknowledgments

We wish to thank PROMEP-SEP-México for financial sup-
port and to the Laboratorio de Supercómputo y Visualización 
for allocation of supercomputing time. We also wish to thank 
Edmundo Carrera and José Luis Gázquez for fruitful discus-
sions. We also wish to thank suggestions of one of the referees 
which helped to enrich the paper.

References

1.	Bennett, CH.; Brassard, G.; Crépeau, C.; Josza, R.; Peres, A.; 
Wootters WK. Phys. Rev. Lett. 1993, 70, 1895-1899.

	 2.	Bouwmeester, D.; Pan, J.-W.; Mattle, K.; Eibl, M.; Weinfurter, H.; 
Zeilinger, A. Nature 1997, 390, 575-579.

	 3.	Boschi, D.; Branca, S.; De Martini, F.; Hardy, L.; Popescu S. 
Phys. Rev. Lett. 1998, 80, 1121-1125.

	 4.	Braunstein, S. L.; Kimble, H. J. Nature 1998, 394, 841-841.
	 5.	Bouwmeester, D.; Mattle, K.; Pan, J.-W.; Weinfurter, H.; 

Zeilinger, A.; Zukowski, M. Appl. Phys. B 1998, 67, 749-752.
	 6.	Furusawa, A.; Sørensen, J. L.; Braunstein, S. L.; Fuchs, C.A.; 

Kimble, H. J.; Polzik, E. S. Science 1998, 282, 706-709.

	 7.	Krüger, T. Eur. Phys. J. D. 2001, 14, 299-307.
	 8.	Moffitt, W. Proc. R. Soc. London, Ser. A 1951,210, 245-268.
	 9.	Mulliken, R. S. J. Chem. Phys. 1935, 3, 573-585.
	10.	Mulliken, R. S. J. Chem. Phys. 1955, 23, 1833-1840.
	11.	Bader, R. F. W. An Introduction to the Structure of Atoms and 

Molecules Clarke, Toronto, 1970.
	12.	Bader, R. F. W. Atoms in Molecules (Oxford, New York, 1994).
	13.	Bader, R. F. W. and T. T. Nguyen-Dang. Adv. Quantum Chem. 

1981, 14, 63-124.
	14.	Hirshfeld, F. L. Theor. Chim. Acta 1977 44, 129-138.
	15.	Parr; R. G.; Donnelly, R. A.; Levy, M.; Palke, W. E. J. Chem. 

Phys. 1978, 68, 3801-3807.
	16.	Parr, R. G. Int. J. Quantum Chem. 1984, 26, 687-692.
	17.	Rychlewski, J.; Parr, R. G. J. Chem. Phys. 1986, 84, 1696-1703.
	18.	Li, L.; Parr, R. G. J. Chem. Phys. 1986, 84, 1704-1711.
	19.	Cedillo, A.; Chattaraj, P. K.; Parr, R. G. Int. J. Quantum Chem. 

2000, 77, 403-407.
	20.	Ayers, P. J. Chem. Phys., 2000, 113, 10886-10898.
	21.	Esquivel, R. O.; Rodríguez, A. L.; Sagar, R. P.; Ho, M.; Smith Jr., 

V. H. Phys. Rev. A 1996, 54, 259-265.
	22.	Ramírez, J. C.; Soriano, C.; Esquivel, R. O.; Sagar, R. P.; Ho, M.; 

Smith Jr., V. H. Phys. Rev. A 1997, 56, 4477-4482.
	23.	Ziesche, P.; Gunnarsson, O.; John, W. Phys. Rev. B 1997, 55, 

10270-10277.
	24.	Guevara, N. L.; Sagar, R. P.; Esquivel, R. O. Phys. Rev. A 2003, 

67, 012507-1 – 012507-6.
	25.	Guevara, N. L.; Sagar, R. P.; Esquivel, R. O. J. Chem. Phys. 2005, 

122, 084101-1 – 084101-8.
	26.	Sen, K. D.; Antolin, J.; Angulo, J. C. Phys. Rev. A 2007, 76, 

032502-1 – 032502-7.
	27.	Sen, K. D.; Panos, C. P.; Chatsisavvas, K. Ch.; Moustakidis, Ch. 

C. Phys. Lett. A 2007, 364, 286-290.
	28.	Amovilli, C.; March, N. H. Phys. Rev. A 2004, 69, 054302-1 - 

054302-4.
	29.	Huang, Z.; Kais, S. Chem. Phys. Lett. 2005, 413, 1-5
	30.	Huang Z; Wang H; Kais, S. J. Mod. Op. 2006, 53, 2543-2558.
	31.	Esquivel, R. O.; Flores-Gallegos, N. Phys. Rev. A (to be pub-

lished).
	32.	Flores-Gallegos, N.; Esquivel, R. O. J. Comp. App. Math. (to be 

published).
	33.	Carrera, E.; Flores-Gallegos, N.; Esquivel; R. O. J. Comp. App. 

Math. in press, 2008.
	34.	Shannon, C. E.; Weaver, W. 1949, The Mathematical Theory of 

Communication (University of Illinois, Urbana, IL).
	35.	Kullback, S.; Leibler, R. A. Ann. Math. Stat. 1951, 22, 79-86.
	36.	For an earliest application of Kullback-Leibler measure see Raju 

K.B.K., Nair P. &V. and Sen K.D. Chem. Phys. Lett. 1990, 170, 
89-93.

	37.	Einstein, A.; Podolsky, B; Rosen, N. Phys. Rev. 1935, 47, 777-
780.

	38.	Bell, J., Speakable and Unspeakable in Quantum Mechanics 1987 
(Cambridge University, Cambridge).

	39.	von Neumann, J., Mathematical Foundations of Quantum 
Mechanics, 1955 translated from the German ed. by R. T. Beyer 
(Princeton University, Princeton).

	40.	Wehrl, A. Rev. Mod. Phys. 1978, 50, 221-260.
	41.	Vedral, V. Rev Mod. Phys. 2002, 74, 197-234.
	42.	Araki, H.; Lieb, E. H. Commun. Math. Phys. 1970, 18, 160-170.
	43.	Lowdin P.O. Adv. Quantum Chem. 1970, 5, 185-199; Lowdin P.O. 

J. Chem. Phys. 1950, 18, 367-370.
	44.	Reed, A. E.; Weinhold, F. J. Chem. Phys. 1983, 78, 4066-4073.
	45.	Davidson, E. R. J. Chem. Phys. 1967, 46, 3320-3324.
	46.	Reed, A. E.; Weinstock, R. B; Weinhold, F. J. Chem. Phys. 1985, 

83, 735-746.
	47.	Bruhn, G.; Davidson, E. R.; Mayer, I..; Clark, A. E. Int. J. 

Quantum Chem. 2006, 106, 2065-2072.
	48.	Nalewajski, R. F. Chem. Phys. Lett. 2003, 372, 28-34.



30      J. Mex. Chem. Soc. 2008, 52(1)	 Nelson Flores-Gallegos and Rodolfo O. Esquivel

	49.	Rajagopal, A. K.; Rendell, R. W. Phys. Rev. A 2002, 66, 022104-1 
- 022104-10.

	50.	Cerf, N. J.; Adami; C. Phys. Rev. Lett. 1997, 79, 5194-5197.
	51.	Gaussian 03, Revision D.01, Frisch, M. J.; Trucks, G. W.; 

Schlegel, H. B.; Scuseria, G. E.; Robb, M. A.; Cheeseman, J. 
R.; Montgomery Jr., J. A.; Vreven, T.; Kudin, K. N.; Burant, 
J. C.; Millam, J. M.; Iyengar, S. S.; Tomasi, J.; Barone, V.; 
Mennucci, B.; Cossi, M.; Scalmani, G.; Rega, N.; Petersson, 
G. A.; Nakatsuji, H.; Hada, M.; Ehara, M.; Toyota, K.; Fukuda, 
R.; Hasegawa, J.; Ishida, M.; Nakajima, T.; Honda, Y.; Kitao, 
O.; Nakai, H.; Klene, M.; Li, X.; Knox, J. E.; Hratchian, H. P.; 
Cross, J. B.; Bakken, V.; Adamo, C.; Jaramillo, J.; Gomperts, R.; 
Stratmann, R. E.; Yazyev, O.; Austin, A. J.; Cammi, R.; Pomelli, 
C.; Ochterski, J. W.; Ayala, P. Y.; Morokuma, K.; Voth, G. A.; 
Salvador, P.; Dannenberg, J. J.; Zakrzewski, V. G.; Dapprich, S.; 
Daniels, A. D.; Strain, M. C.; Farkas, O.; Malick, D. K.; Rabuck, 
A. D.; Raghavachari, K.; Foresman, J. B.; Ortiz, J. V.; Cui, Q.; 
Baboul, A. G.; Clifford, S.; Cioslowski, J.; Stefanov, B. B.; Liu, 
G.; Liashenko, A.; Piskorz, P.; Komaromi, I.; Martin, R. L.; Fox, 
D. J.; Keith, T.; Al-Laham, M. A.; Peng, C. Y.; Nanayakkara, 

A.; Challacombe, M.; Gill, P. M. W.; Johnson, B.; Chen, W.; 
Wong, M. W.; Gonzalez, C.; Pople, J. A. 2004, Gaussian, Inc., 
Wallingford CT,

	52.	NBO 5.0. Glendening; E. D.; Badenhoop; J K.; Reed, A. E.; 
Carpenter, J. E.; Bohmann, J. A.; Morales, C. M.; and Weinhold, 
F. Theoretical Chemistry Institute 2001, University of Wisconsin, 
Madison.

	53.	MOLDEN: a pre- and post-processing program for molecular 
and electronic structures. J. Comput.-Aided Mol. Design 2000, 
14,123-134.

	54.	It has been recently shown (Subin Liu, J.Chem. Phys. 2007, 126, 
191107-1 - 191107-3) that the integrand of the Fisher measure 
of information may be expressed as the Laplacian of the density 
times log density, hence depletion/accumulation is multiplied by 
a relative entropy, i.e. log [rho(r)/1.0] in this new definition of 
Fisher measure. This explains the relevance of information mea-
sures in deciphering the local bonding charateristics.

	55.	Boys, S. F.; Bernardi, F. Mol. Phys. 1970, 19, 553-566.
	56.	Liu B.; McLean, A. D. J. Chem. Phys. 1973, 59, 4557-4558.


